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The effects of nonmagnetic impurities on the two-band model as proposed by Suhl, Matthias,
and Walker for superconducting states of the transition metals are formally extended to the
general case g, &4, 8sq* 0. Use is made of Dyson’s equation to obtain the: 4x 4 matrix; the
order-parameter (gap-energy) equations are formally obtained for the general case. In going
to the interband phonon-coupling limit g =g;=0, or to the intraband limit g;,=0, the results
obtained reduce to those found by Chow. The effect of the impurity scattering on the critical
temperature for the two-band superconductor in the general case is discussed.

I. INTRODUCTION

Suhl, Matthias, and Walker! introduced the two-
band model to describe the superconducting state
of the transition metals. In most of these metals,
the s band and d band overlap. Also it has been
known that s-d interband scattering contributes
to the resistivity of the metal in the normal state.
They included an extra phonon-coupling term in
the Hamiltonian to account for possible pair form-
ation of electrons from the different bands in addi-
tion to the phonon-coupling terms for pairs’s form-
ation in each individual band. However, they did
not include any nonmagnetic impurity scattering in
their model. They determined that in the intra-
band limit, the interband coupling term being zero,
two different transition temperatures resulted,
one for each band. But in the interband limit, the
intraband coupling being zero, only one transition
temperature occured.

Chow? investigated the effects of the nonmagnetic
impurity scattering on the transition temperatures.
However, he considered only the limiting cases:

(i) the intraband coupling limit g,,=0, and (ii) the
interband limit g,=g,=0. In case (i), the 4x4
matrix equations describing the system decomposed
into two 2X2 matrix equations, each giving a dif-
ferent energy gap. In case (ii), the 4x4 matrix
equations decomposed into two essentially identical
2X2 matrix equations. In the latter case, there
was only one energy gap.

It is the aim of this paper to present the calcula-
tions for the general case (with all g5, g4, £5#0).
Use is made of the matrix form of Dyson’s equa-
tion to find the 4xX4 Green’s function describing the
superconducting state of the two-band model with
nonmagnetic impurity scattering. The bare 4x4
Green’s function,is taken to be that describing the
superconducting state without the impurity scatter-
ing. The self-energy corrections are then due to
the impurity scattering. By identifying the proper
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elements of the 4x4 Fourier-transformed Green’s
function,® the exact expressions for the order pa-
rameter Ay, A,, and &, are obtained without going
to either the interband or intraband limit. It goes
without saying that A;, A,, and A,, take the same
form as that given by Chow® in the limiting cases.
The fact that the 4 X4 matrix equations decompose
into two (different or essentially the same, depend-
ing on whether it is the intraband or interband
limit) 2x 2 systems of equations does not need to be
known explicity for his results to obtain.

II. TWO-BAND MODEL

The Hamiltonian for the two-band model with no
impurities is written in the second quantized form

110=§ﬁ3x [zps".,(x)<-§;n—s - u) Pso (x)
i) - ~ K) b ()

- %gs zps*a (x) z»bszcr (X) d)s-a (x) zpsa (x)
=~ 28a¥ds (¥ Paly () Yaq () Y4 ()
~&sa ZpsTu (x) d)dra (x) Ya-o (x) Pso (x)]' (1)

2my

The 9, (x) and 3, () [, (x) and 37 (v)] are, re-
spectively, the destruction and creation operators
for the s-band (d-band) electrons with their spins
specified by ¢ (can be either 4 or ¥). pu is the
chemical potential Fermi energy, from which the
single-particle energy is measured. The phonon-
induced attractions are represented by g,, g;, and
&sa- These are, respectively, the phonon-coupling
constants for the s-s electron pairing, d-d elec-
tron-pairing, and s-d electron pairing, They are
all real numbers.

Transforming to the Heisenberg picture, we in-
troduce the Heisenberg operators 9., (x), ¥sq (x),
¥4y (x), and P4, (x). These operators, of course,
satisfy the commutation relation
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8 - - Writing out (5) explicitly, we h
—i o 1= (5o, 5 ). @) ¢ PR, e have
To be a‘ble to treat all tl}e operators simultaneous- Ggs (xx') ¢ sod(x x') ng(x x') ng(x x')
ly, we introduce, following Chow, the four-compo- o , , ,
nent operators Gaslxx")  Golxx")  Filxx") Fllxx')
Do) ~F (') = F ') -64(%) -6y
Ed'(x) - Fs%*(x'x) - Fd%*(x"x) - Gsod (xlx) - Gd?l (x'x)
S (x)

D (x) where GJi(xx')==i(T9;, () P}, (x")) , (7a)
and ¥ (x) =[P () Bk (0) Dgs (0) Py ()] “) Fex") =T () 9,,(x")) . (7b)
Defining the 4x4 Green’s function The 4X4 Green’s function satisfies the matrix

g2 x) == (T (x) ¥ (")) , () ~ cauation
0 A _ ! _ ’
where T is the time-ordering operator and angular Hox) §°0ex") = 0x — x) (2~ ¢ ), ®
brackets denote the grand canonical average. where the operator Hy(x) is the 4 X4 matrix
I
A - -
 — - A -A
L at +2ms H 0 $ s
0 iy ve + U +4 -A
ot " 2m st ¢
¢ \ )
- — 9 \%
A X x | ————
As +AY 4 at ~ 2m, u 0
— — 5 v
_AX —AX f— . ——
A Ad 0 Vot 2my H
and 6(x - x") 5(t-¢') is also an 4 X4 matrix:
5(x - x")6(t—t") 0 0 0
0 5(x—x")8(t—1") 0 0 (10)
0 0 5(x—x")o(t-t") 0
0 0 0 8(x —x")6(t—t")

The order parameters A, A;, A, are, respec-
tively’ 8s <¢st(x)¢sz(x», gd<¢d v(x)lpdx(x»’ and
g € d)s!(x)ipdl(x))-

Following the convention of Baym and Kada.noff,‘1
the Fourier transforms of the Green’s functions
are given by

90(1), wn) = f[)- i d(t" t,) f da(x—x')
Xexp[—ip - (x - x") = w,(t = t")]

xg%x—x', t-1"), (11)

¢ —-x")=iky TL, [ [d®/(2m)3]
x explip - (x=x")

+w,(t-1t")]9%p, w,), (12)
where w,=(2n+1)7/8 and the integration is that
corresponding to values of the exchange phonon
energy being within the range (wp, - wp,), wp being
the Debye frequency. Thus in momentum space,
the matrix equations for the Green’s function be-
come
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iwn - € 0 - Ks - st G.Ss(p, wn) Gs?d(p: w,,) Fs';(p, w,,) Fs?i (Py wn)
0 iw,, - € + Ssd - Zd qus(py wn) Gdei(p, wn) Fdos(p’ wn) Fd?l (P, wn)
__S* +A_s’; iwn+€s 0 —-Ff;"(—?,-w,.) —Fd(?s*(—p’-wn) _Ggs(_pr—wn) —Gdos(_p_wn)
—Zsﬁ _Ed* 0 iw,,+e,, -F;)d*(—.b,—wn) "Fdei*("p,"wn) —G&(-P,—wn) "Gd?i(—p"'wn)
|
1000 +Vy (x- R;) ’J)dfo(x) Pao (x)
0100 . + Vg (8= R0 g (0) g0 () + 0y () 95 () 1}
oo10 |’ (15)
0001 The interaction terms V,(x - R;), V,(x- R;), and
By inspection, we see that the inverse Green’s st (x ~ R,) are, respgc.twely, the potentials of any
function in momentum space is nothing but impurity atom at pos1t10r.1 R, as felt by a‘,l N ele.c-
tron, a d electron, and finally the potential which
iw - € 0 N _A causes an interband transition.
"o ° o The total Hamiltonian of the system is
0 iw,—€ +48g =4y
gO-l(p’w"): —_ - HT=H0+HI ’ (16)
- A  +AY iw,+eg 0
_ _ and so the new Heisenberg operators, e.g.,
-AX —A¥ 0 iw, +€
- Ssd d nT*d is'q(x)=e'”7‘t¢;u(x)e"”7't
(14) satisfy the new commutation relation
To treat the effects of the impurity atoms being - z'—;—t Do (®) = [Hp, b (x)] . (17
added to the metal, we introduce the interaction
Hamiltonian By using the same formulism detailed in Eqs. (3)-
Ho=> 3 _ Bt (10), we have the following matrix equation in
! ?,Jo f ax {Vs (x - Ry) wbsv(X)l/)sa(x) momentum space:
I
iw,— €=V, (p) -V () - A, -8y
- Vs (p) W, — €= n;Vy (p) +Bg -4,
- Zs* +Zs)s Z'wn+€s+nivs(p) niVsd(p)
- —A-sﬁ - —:ik niVsd(P) iwn'*'ed'*'niv;i(p)
Gs.s(p,wn) Gsd(p’wn) Fss(pywn) Fsd(pywn) 1 0 0 0
X Gds(p,wn) Gdd(p’ wn) Fds(p, w,,) Fdd(p, wn) 0100 (]_8)
'—F;';(-p,—w,,) _th(—p’-wn) -Gss(_p,_wn) —Gds(—l),—wn) B 0010 )
—Fsﬁ(—p’—wn) _Fdz(—p’wn) _Gsd(_p,_wn) _Gdd(—py_wn) 000 1
The potentials V,(p), V,(p), and V,,(p) are, of (I
course, the Fourier transform of V,(x - R;), 4 01
V;(x - R;), and V,,(x - R;), respectively. #»; is §7H(p, @) =8""Np, w,) =2 (p, w,). (19)
the density of the impurity atoms.
The problem is now to solve this last equation. For our problem, this is a 4 X4 matrix equation.
Our approach will be to look at (14) as the inverse The self-energy matrix Z (p, w,) represents the

bare propagator in a Dyson-like matrix equation®: correction due to the matrix interaction
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- n;V,(p) =1,V (P)
=1V (P) =0V, (p)
0 0
0 0

V(p)
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0 0
0 0

nVs(p) n;Vy(p)
1 Vea(p) n;V,(p)

(20)
EQUATION

According to Abrikosov, Gorkov, and Dzyalo-
shinski,” when the density of impurity atoms is
small, the first-order correction tothe self-ener-

)

gy due to the impurity scattering is a constant
when averaged over the position of the impurity
atom, Since this constant can be included in the
ground-state energy, it does not change the in-
verse Green’s function. This fact has led Chow, 3
Markowitz and Kadanoff,® and others to consider
the impurity scattering correction to be repre-
sented by the second Born approximation, i.e.,
by

Tes(pyw,) = [ @02 |V (p-p")|?

For our problem, the self-energy correction will, of course, be the 4 X4 matrix

- n,Vs L n,Vs,, 0
& -V —=niVg 0
_/ (2n® 0 0 n;V,
0 0 nVy
=2 (P, Wy, )'

0 Ggs Gy
0 Gys G
Ve | -Fy - F§
n;Vy ~-F& - Fd

Carrying through the matrix multiplication, we will have the 4 X4 matrix

[VgGss ] + [Vszd G ]
[Vsad Gsd ]

[Vszd Gsd ]

_[ViFss]—
[V.siGss]"“[Vngd] _[ngFsd] -
(VEFE]+[VEF,] [VaFg]+[ViViFE] - [V2G ] - [VE Gyl

(V@ F&1+ VeV Fd] [V F&]+[VEFE] (Vi Gas]

where the bracket around the elements represents the integration implied in (23), e.g.,

[Vi(f),) Gss (pl_p’ wn)] =N fdsp,(zﬂ)_svsz(Pl) Gss(p_ply wn)'

X Gss(p-pl, wn). (21)
Fss Fsd - nivs - niVsd 0 0
Fys  Fy =iV =niVy 0 0
-Gy =Gy 0 0 n Vs nVy
- Gs =Gy 0 0 niVsg niVy
(22)
[ngFdd] _[VszdFds]—[VsVdFds]
[VsVdFsd] - [ngcss] - [VzGdd]
=% 23)
- Ve, r
- [ngcss] - [Vngd]
(24)

Terms of the type [V, (p)V;(p)G(p, w,)], [Vi(p)V,(p)Fs(p, w,)], etc., vanishwhenthey are averaged over
the position of impurity atom.3'”
Using the self-energy matrix 3 [Eq. (23)] and §°-! [Eq. (14)] in Dyson’s equation [(19)], we have for

the inverse Green’s function

g7 (p, w)=g""(p,w,) -2

1w, = € ~[V2Gy] ~ [V Gadl
- [ng Gsd]
~B¥ -[VIF ] -[V% Fal
-3 -[V4F{]

- [Vstzl Gds‘]

tw, — €~ [Vid Gss - [VS Gad] + Bg+ [Vi‘dFsd] +[VsVaF g4

+ Z:d - [ng F:‘d]
- K: _[ngF.):s] -[V.?F:d}

- Ks +[V§ Fss] + [ng Fdd] - st + [VgaFas] + [VaVsts]
=By +[ViF ) +[ViFail
[ViGadl
1w, + €4+ [ViGaa] +[ ViG]

iwn+ €s + [V§ Gss] + [Vided]
[Vides]

(25)

Expecting that the Green’s function will be of a form similar to the bare Green’s function, i.e., the
Green’s function for the system with no impurity scattering, we make the ansatz
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iG,(s)-¢, 0 -B.(s) -B,(sa)

0 i) —€, +A(sd) —A,d)
g (b, )= —A%(s)  +A&¥(sd) id,(s)+e€, 0 (26)

-&%sd) -&5@) 0 ik d)+e,
Inverting this matrix, we have

Gus0®,)= ~{[i@,(s) + €] [@% (@) + €3 +A2a)] + A% (sad)[iG5,(d) + &[}/D (27)
Gaalp, @)= ~{[i6,(d) + €] [G3(s) + €&+ A%s)] + Bi(sd)[ (i, (s) + € JIY/D (28)
Foo(p, 0,)= ~{E¥(s)[ %) + €&+ A%d)] + AX(sd)AX (sd)A (d)}/D (29)
Fualp, 6,)= ~{AN@[52(s) + €2+ A4(s)] + AX(sd)A7 (sd)A (s)}/D (30)
and F,(p, ®,)=~(EX(sd){[i® (d) - €] [i® (s) + €;] + A% (sd)} + A (sd)A (d)A,(s))/D , (31)

where the denominator D is
[0%(s)+ €, + A(s)] [G2(d) + € + B2(@)] + A2(sa)] - A%(sd) +[15,(d) + €]
X[i®,(s) - €] +[i@(d) = €] [1G,(5) + €[+ B, (6)A, @ & (s )P + A7 ()AGA A (s

and where the values @,(s), @,d), A,(s), A,(d), and &,(sd) are obtained by comparing (26) and (25). The
values are

Bs)=w,+n; [ AR @13V Gk, @) +n; [ @ (2m) 3 VEG(k, B,) (32)
G d)=w,+n; [ 212 VEG sk, @) +n; ) dR(27) P V2,Ghlk, @) (33)
B(s)=B,+n; [ dk(2n)3VEF,(k, &) +n; | dk(2m)3 Vz,,Fdd(k,&) , (34)
B d)=B,+n; [ A1) VEF,(k, @,) +n; [ dk(Q2m) S VE,F(k, @) , (35)
A (sd)=8g+n; [ dk(2m)2[VE+V V] Fuk, @,) , (36)

where Gy (p, @,), Ggp, d,), Foslp, ®,), Faalp,®,), and F,(p, ®,) are given by (27)-(31).
The order-parameter equations are obtained from

Bx)= - (g/B) 2, [ dp2n)* Fylp, 3, (87)

B,%)= - (g/B) 5, [ d*p(2m) Fuulp, 3,) (38)
and K%)= - (g5/B) 2, | d°p(2m)3Fyylp, d,) . (39)
Given F(p, d,), Fu(p,®,), and F,(p,d,), we have for the order-parameter equations

B,()= /B D, | d®p(am)=*{AX(s ) B%a) + €+ A2 (@)] + [AX (sa)]?&@)}/D (40)

B,(6)=(ga/B) 2, [ d®p(@m)-{&X(@) 3(s) + €2+ A¥s)] + [Ax (sd)2E,(s)}/D (41)
and By (x)=(go/B) 2, [ dp(2m) (A} (sa){[i®,(s) + €] [i®,(d) - €] + Re(sd)} + &, (sd)A (s)& (@))/D , (42)

where @,(s), ®,(d), &,(s), A,d), and &, (sd) are given by (28)-(32). It is interesting to note that in the
limit, the intraband limit g,,=0, the order-parameter equations (40) and (41) are just these given by
Chow’s® equations [(62) and (64)]. His defining equations for the G’s and A.s [Eq. (58)-(61)] are the same
as (28)~(31) in this paper if g, is set to zero. In the interband limit 8s=84=0, our result reduces to his
again.

IV. BEHAVIOR OF THE CRITICAL TEMPERATURE

IN THE PRESENCE OF IMPURITY SCATTERING (40)-(42) and (32)-(36). However, the evaluation

of these coupled equations is difficult even when

The effect of nonmagnetic impurity scattering there are no impurity atoms in the superconduc-
on the critical temperature of the two-band super- tor. Only in the two limits, the interband and the

conductor can be determined exactly by solving intraband, is the evaluation of these equations
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somewhat easy. To overcome the mathematical
difficulties, we note that according to texts, " the
Green’s function and the pair function, which in-
cluded the effects of impurity scattering, can be
obtained from the corresponding equation for the
pure superconductor, by making the substitution

A=TymA, (43)

where 7,,) is the ratio between the elements of
(26) and (14).

Consequently, the basic properties of the un-
doped superconductor should be similar to those
of the impurity-doped superconductor. This gen-
eral feature has been shown by Chow in the two
limiting cases. In the intraband limit, he showed
that two transition temperatures still occurred

Wy = Ny )Wy

when impurities were added to the superconductor.

The effect of impurity scattering was to increase
the lower transition temperature and possibly de-
crease the higher transition temperature. For
the interband limit, the effect of the impurity scat-
tering would depend on the relative strength of

the interband impurity scattering to the intraband
impurity scattering. The interband impurity scat-
tering would tend to increase the critical tempera-
ture while the intraband impurity scattering would
decrease the temperature.

GAP

NORMALIZED

Tcs Tcd

T—

FIG. 1. When g,,=0 there are two transition temper-
atures. When g¢4?is finite but much less than g.g,;, the

lower transition temperature disappears in the manner
shown.

0o

GAP

NORMALIZED

.

.

.

.

.

.

o
Tcd Tcd

FIG. 2. Effects of nonmagnetic impurity scattering
on the energy gap are shown by the solid lines; dotted lines
represent the energy gaps when no impurity scattering
occurs. Lower transition temperature again vanished as
gsd2 becomes finite but less than g¢g,.

To discuss qualitatively the effects of the impur-
ity scattering on the critical temperature in the
general case, we go to the results of Suhl,
Matthias, and Walker.! The particular feature
that interests us the most is shown in Fig. 1 (Fig.
2 in Ref. 1). Here we see the lower transition
temperature occurring in the g4, =0 limit vanish as
gi, becomes finite but being much less than g.g,.
If we now include the impurity scattering effect in-
to the discussion, we should expect the same type
of behavior. Now, however, the position at which
T, occurs should be shifted to a higher tempera-
ture. If Chow’s conjecture on the behavior of T
is correct, the position at which the gap energy
goes to zero should move to a lower temperature.
The region between the two energies will therefore
be narrower.

Thus, as g4 becomes finite, the lower transition,
even with impurities present, vanishes in the same
way (see Fig. 2). The effect of the impurity scat-

tering can be seen by looking at Eq. (32). The
7, defined in (43) takes the value

Nyt =1 +n,fd3p(21r)‘3 (V2 +V, V) Nty Fea(Dy wp) -

(44)
In the limit of small impurity concentration, with
the value of 7,,) at the old critical temperature,
the value at which the energy gap goes to zero in
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the absence of impurity atoms is

_ (mm ) V2
nwl(n) =1+ 211N 4(0) m“

X 2 (V) oV Vo) - (45)

Using this result in (42), we see that an additional
integral occurs in the self-consistent equation at
T equal the old critical temperature. The effect
of this additional term is that the gap energy at
the old critical temperature is not zero. Whether
this change in the gap energy is positive or nega-
tive, resulting in an increased or decreased criti-
cal temperature, respectively, will depend on the
same consideration as discussed by Chow in the
interband phonon-coupling limit.
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V. CONCLUSION

As we stated in Sec. IV, the exact behavior of
the critical temperature can be obtained by solv-
ing Eqs. (40)-(42) along with (32)-(36). However,
this was not attempted due to the mathematical
difficulties involved in attempting to do it except
in two limiting cases. It is hoped, however, that
by picking the right values for the impurity scat-
tering potentials V,(p), V,(p), and V,,(p) the defin-
ing set of equations [(32)-(36)] will become simple
enough for the substitution (43) to be useful.
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The parameter k,(7) is studied for superconducting alloys (dirty limit) in the electron-phonon
model, An equation for k,(7) is derived which contains the frequency-dependent part of the oxr-
der parameter right at the transition from the normal to the superconducting state and which
can be used as a starting point for a detailed numerical calculation. At T,, k, is expressed in
terms of other measurable quantities, and at 7=0 a rough estimate of the order of magnitude
of the strong coupling corrections to kypcg is given. It is found that the strong coupling correc-

tions to k, are very small, even for lead.
I. INTRODUCTION

In the generalization of the Ginzburg-Landau
(GL) theory® to lower temperatures, 2'° the well-
known GL parameter k is replaced by three differ-
ent temperature-dependent parameters «,(¢),
where i =1 to 3, and ¢=7/T,=reduced temperature,
Within the framework of the weak coupling micro-
scopic theory, it was shown? that for ¢~ 1, all «;(¢)
—~ k. For lower temperatures, Eilenberger? has
made a detailed calculation of k,(¢) and k,(¢) and

studied in particular the influence of the mean free
path on «,(#) and k,(#). In the extreme dirty limit,
Eilenberger confirmed the result found earlier by
Caroli et al., ® that k,(0)=k,(0). All these calcu-
lations, however, apply to the weak coupling limit
only.

For strong coupling superconductors, Eilenber-
ger and Ambegaokar® (EA) presented a calculation
of H,,(#) in the region (1-#) <<1. An extension of
this theory can be combined with the well-known
H,(#) calculations to derive k,(¢). Such a calcula-



